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Abstract
The gauge invariant and anomaly-free 331 model is studied with Rξ gauges in
order to see which of the right-handed singlet between the case (i), assigning the
bosonic singlet to the counterpart of 3 and 3¯ representations, and the case (ii), as-
signing fermionic siglet to the counterpart of the left-handed 3 representation and
assigning the antifermionic singlet to that of the left-handed 3¯ representaion, should
be assigned in physics but not mathematics to the counterparts of the left-handed
fundamental 3 representation and the left-handed complex conjugate 3¯ representa-
tion. It is shown that through an effect on the Yukawa interaction of the transfor-
mation property of the singlet it depends on the choices of the case (i) or the case
(ii) whether the anomaly coefficients even after the spontaneous symmetry break-
ing (SSB) vanish or not, and the coefficients vanish only in the case (ii) but do not
in the case (i). Furthermore, it is pointed out that the BRS invariance after the
SSB holds for the case (ii) and (i-b) of two possibilities in the choice for the mass
eigenstates in the case (i) and thus the BRS invariance does not necessarily ensure
renormalizability of the theory though the inverse of it holds.
1 Introduction
@ Since the success of the standard model (SM) in physics below a few hundreds GEV,
various extensions of the model based on the local gauge group are studied by many
authors [1]–[4] in order to understand some unanswered questions in the SM. Each of
them is constructed covariantly on a local gauge group and then to be anomaly-free
as well as renormalizability in the stage of the starting Lagrangian before the SSB. In
particular, the 331 model is constructed on the gauge group SU(3)C ⊗ SU(3)L ⊗ U(1)N
[1] and has a property that the number of families is required to be a multiple of three to
cancel anomalies[5]. Anomalies do not cancel out within each family in contrast with the
case of the SM but rather cancel out when contributions from all three families are taken
into account for the quark sector.
In the 331 model as well as in similar models, the representation (1, 3, 0) is assigned to
the left-handed leptons and (1, singlet, yN) to the right-handed ones in three families. On
the other hand, the representation (3, 3¯,−1/3) is asigned to the left-handed quarks in the
first and second families and the representation (3, 3, 2/3) is assigned to the left-handed
quarks in the third family, while the representation (3, singlet, yN) is assigned to the right-
handed counterparts. There is no problem on an interpretation of the SU(3)L singlet in
the lepton sector because only the fundamental representation is used for assignment and
thus the right-handed singlet of the counterpart of the left-handed 3 may be considered
to be determined uniquely as the scalar under the fundamental representation. Also no
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problem occurs in the quark sector if only the fundamental or complex conjugate repre-
sentation is used for assignment to the left-handed quarks because then the “singlet” may
be interpreted as the scalar under the assigned one of the representation. However, in the
quark sectors in the model the representations “3” and “3¯” are assigned to the left-handed
quarks. Then, there are several possibilities on an interpretation of the singlet. One of
them is usually adopted as a mathematical scalar which means the scalar under both of
the 3 and 3¯ representations or independent of the 3 and 3¯ representations[1]. In the rep-
resentation theory of SU(3), the scalar can be expressed in several configurations and one
configuration can be rewritten into another one mathematically but each configuration
should be considered to exhibit a physical object such as the color singlet in the quark
model, i.e., bosonic singlet consisting of color and anticolor or fermionic singlet consisting
of three colors (antifermionic singlet of three anticolors). The color singlet boson is differ-
ent from the color singlet fermion physically but these configurations can be transformed
into each other mathematically. The“singlet” in the above assignment may be apriori
any one among a bosonic singlet, fermionic or antifermionic singlet because the singlet
is not a composite and may be a “scalar” independent of the content. It is, however,
important for us to determine the kind of the singlet because it has an effect on the form
of the Yukawa interaction[6] whether the bosonic or fermionic (antifermionic) singlet is
adopted and further it depends on the nature of the singlet whether the triangle anomaly
coefficients[5] disappear or not after the SSB[7].
In a previous article[6], it is pointed out in the case of the 331 model without gauge fix-
ing that even though the starting Lagrangian has gauge invariant and thus renormalizable
form the renormalizability after the SSB is not necessarily guaranteed if the content of
the singlet assigned to the right-handed quarks is not taken into account. This is because
in the 331 model the representations (3, 3, yN) and (3, 3¯, y
′
N) of SU(3)C ⊗ SU(3)L ⊗ U(1)N
are assigned to the left-handed quarks in the families, while we have two possibilities
for the assignment of the representations to the right-handed quarks, i.e., (i) (3, 1, yN)
for all right-handed quarks, and (ii) (3, 13, yN) and (3, 13¯, yN) for the fermionic and an-
tifermionic singlets. The case (i) means that the “1” of SU(3)L is independent of whether
this state is accompanied with 3 or 3¯ of SU(3)L and many authors[1] except for us adopt
this possibility as far as we know. The case (ii) means that there exist the fermionic and
antifermionic singlets, where “13” is only the scalar with respect to the transformation of
the fundamental triplet and “13¯” is only a scalar with respect to the transformation of
the complex conjugate representation corresponding to the fermion and antifermion with
respect to the color quantum number in the quark model, respectively. These two cases
bring about no different results except for the Yukawa interaction of the quarks with the
scalar fields but it is definitely important for us to distinguish these possibilities in order
to construct the Yukawa interactions in the starting stage of the weak interaction bases.
Through the Yukawa interaction, the quark fields get their masses after the SSB[7] and the
mass eigenstates (physical fields) are given in terms of the linear combination of the weak
interaction bases (fields with superscript 0). If the case (i) is adopted, the mass eigen-
states through the interactions need the mixing of the left-handed quarks belonging to the
different representations in order to avoid a flavor change (the case (i-a)) or no-mixing
to forgive a flavor change through an interaction with vacuum (the case (i-b)). These
mixing or no-mixing brings about nonvanishing effect of the triangle anomalies through
the interactions of the quark current with the gauge bosons and in the former case the
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flavor changing neutral current (FCNC)[8] appears. But if the case (ii) is adopted, the
above mixing is not needed and thus the triangle anomalies as well as the FCNC do not
appear[6].
In this article, the 331 model is discussed in the cases (i) and (ii) with the Rξ gauges[9]
as well as the ghost terms[10]. In addition, the BRS transformation[11] after the SSB
is examined. In §2, the notations and Lagrangian are introduced. In §3, the SSB is
considered and the Lagrangians are expressed in terms of the mass eigenstates. In §4,
the gauge fixing to Rξ and ghost Lagrangians are given in some detail because almost
authors treat with the model by using the Higgs mechanism. In §5, the propagators for
the gauge particles, scalars, fermions and ghosts are discussed. In §6, the fermion currents
are expressed in terms of the mass eigenstates and in §7, the fermion triangles anomalics
are discussed and it is pointed that the anomaly coefficients disappear only in the case
(ii) for the singlet. §8 is devoted to a brief discussion of the BRS trnsformation and it is
seen that there exists a case where the BRS invariance holds even in the case of non-zero
anomalies.
2 Formalism
In this section, notations and a brief explanation will be given for the 331 model[1]. An
assignment of the representations to the basic quarks (fermions) is adopted as follows:
l0aL =


ν0a
e0a
E0a


L
∼ (1, 3, 0),
ν0aR ∼ (1, 1, 0), e0aR ∼ (1, 1,−1), E0aR ∼ (1, 1, 1),
Q0iL =

 d
0
i
u0i
J0i


L
∼ (3, 3¯,−1/3), (2.1)
u0iR ∼ (3, 1(13¯), 2/3), d0iR ∼ (3, 1(13¯),−1/3), J0iR ∼ (3, 1(13¯),−4/3),
Q03L =


u03
d03
J03


L
∼ (3, 3, 2/3),
u03R ∼ (3, 1(13), 2/3), d03R ∼ (3, 1(13),−1/3), J03R ∼ (3, 1(13), 5/3),
where a takes the values 1, 2, 3 and i takes 1, 2. The singlet term for the lepton should
be written as 13 in our convention but it is not necessary to distinguish the notations for
the leptons because only fundamental triplet representation is used for the left-handed
leptons and in these cases the singlet terms are understood naturally as 13. However,
for the quarks, both fundamental and complex conjugate triplet representations for the
left-handed quarks are used and we should distinguish a transformation property of the
singlet whether the singlet is accompanied with the fundamental or complex conjugate
triplet representation. As pointed out in a previous article[6] the singlet of SU(3) appears
through three ways. One of them consists of the basic quark and antiquark, and the
other consists of the three quarks (or antiquarks). Of course, their configurations are
mathematically (or group theoretically) unique in the sense that one configuration of
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them can be transformed into the other. However, they can be distinguished physically
as the bosonic, fermionic and antifermionic fields though the singlet in the assignment is
not composite.
In order to give the quarks mass through the SSB, three scalar fields are introduced
χ =


χ−
χ−−
χ0


L
∼ (1, 3,−1), (2.2)
ρ =

 ρ
+
ρ0
ρ++


L
∼ (1, 3, 1),
η =


η0
η−
η+


L
∼ (1, 3, 0).
It is noted that the representations χ, ρ and η may be considered as the irreducible
components of a reducible field Φ of SU(3)C ⊗ SU(3)L ⊗ U(1)N. Then, the notation Φ =
(χ, ρ, η)T will be used.
The charge operator Q is given by Q = T 3 − √3T 8 + N , where T 3 and T 8 together
with T i(i = 1 ∼ 8) are the generators of SU(3)L and have the representation matrix λi/2
for the 3 representation and −λT/2 for the 3¯ representation of SU(3)L. The value yn of
the generator N of U(1) is chosen to give the charge on the particle.
It follows that the quantities consisting of a linear combination of the corresponding
leptons in the three families are subject to the same transformation as that of the original
ones under SU(3)C ⊗ SU(3)L ⊗ U(1)N, e.g.,


(Uνν0)a
(Uee0)a
(UJE0)a


L
∼ (1, 3, 0), (Uνν0)aR ∼ (1, 1, 0), a = 1, 2, 3, (2.3)
where the Uν etc. denote some 3 × 3 unitary matrices. For the quarks, on the other
hand, the situation is somewhat different from that for leptons. The state of a linear
combination of the right-handed quarks in the three families has the same transformation
under the gauge group as the original ones such as (Uu0)aR ∼ (3, 1, 2/3) in the case (i).
In the case (ii),e.g., (Uu0)aR 6∼ (3, 13or13¯, 2/3) because the singlet “13” is a scalar under
the 3 representation of SU(3)L but not under the 3¯ representation and the singlet “13¯” is
also, while the quantity (Uu0)aR means the linear combination of the quarks in the three
families. For the left-handed quarks,e.g.,


(U1u
0)3
(U2d
0)3
J03


L
6∼ (3, 3, 2/3),


(U3u
0)i
(U4d
0)i
(UJJ0)i


L
6∼ (3, 3¯,−1/3), (i = 1, 2, ) (2.4)
where U1 etc. denote some 3 × 3 unitary matrices except for unit matrix, and UJ 2 × 2
matrix depending on the first and second families and it is noted that J03 does not mix
with J01 and J
0
2 because of the different charges. On the other hand, the followings hold
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in the case (ii)
(Uuu0)iR ∼ (3, 13¯, 2/3),

 (U
uu0)i
(Udd0)i
(UJJ0)i


L
∼ (3, 3¯,−1/3), (i = 1, 2) (2.5)
where Uu etc. denote some 2 × 2 matrix on the quarks in the first and the second
families. It is noted that the relations (2.4) mean an impossibility of introducing the BRS
transformation[11] in contrast to the second of (2.5).
In the above assignment of the fermions, the leptons in the three families can be mixed
with the corresponding leptons because common representation 3 or 1 (≡ 13) is adopted,
while the quarks in the first and second families should not be mixed with the correspond-
ing ones in the third family because they are subject to the different representations and
have the different yn charges.
In what follows, the color symmetry is not treated and thus is omitted unless stated
otherwise. The gauge covariant kinetic energy Lagrangians for the fermions, scalars and
gauge fields are given as follows:
Lf =
3∑
a=1
{
l¯0aLiDµγµl0aL + ν¯0aRiDµγµν0aR + e¯0aLiDµγµe0aL + E¯0aRiDµγµE0aR
+ Q¯0aLiDµγµQ0aL + u¯0aRiDµγµu0aR + d¯0aRiDµγµd0aR + J¯0aRiDµγµJ0aR
}
, (2.6)
Lsc = (Dµχ)†(Dµχ) + (Dµρ)†(Dµρ) + (Dµη)†(Dµη)− V (χ, ρ, η), (2.7)
LV = −1
4
F jµνF
jµν − 1
4
BµνBµν , (2.8)
where the covariant derivatives for each field are given without using the different notations
as follows:
DµQ0iL = (∂µ + i
g
2
λT · Aµ + igN 1
3
Bµ)Q
0
iL,
DµQ03L = (∂µ − i
g
2
λ · Aµ − igN 2
3
Bµ)Q
0
3L,
Dµu0aR = (∂µ − igN
2
3
Bµ)u
0
aR,
Dµd0aR = (∂µ + igN
1
3
Bµ)d
0
aR, (2.9)
DµJ0iR = (∂µ + igN
4
3
Bµ)J
0
iR,
DµJ03R = (∂µ − igN
5
3
Bµ)J
0
3R,
Dµϕ = (∂µ − ig
2
λ · Aµ − igNyϕBµ)ϕ,
with yϕ = −1 for ϕ = χ, yϕ = 1 for ϕ = ρ and yϕ = 0 for ϕ = η.
The field strengths F jµν and Bµν are
F jµν = ∂µA
j
ν − ∂νAjµ + gcjklAkµAlν , (2.10)
Bµν = ∂µBν − ∂νBµ,
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where cijk (i, j, k = 1, 2, · · · , 8) are the structure constants of SU(3).
The interaction potential of the scalar fields and the Yukawa interactions of the
fermions with the scalar fields are given as follows:
V (χ, ρ, η)= c1
(
χ†χ− 1
2
χ2v
)2
+ c2
(
ρ†ρ− 1
2
ρ2v
)2
+ c3
(
η†η − 1
2
η2v
)2
+c4(χ
†χ− χ2v)(ρ†ρ− ρ2v) + c5(χ†χ− χ2v)(η†η − η2v) + c6(ρ†ρ− ρ2v)(η†η − η2v)
+c7(χ
†ρ)(χ†ρ)† + c8(χ
†η)(χ†η)† + c9(ρ
†η)(ρ†η)†, (2.11)
LY= (l01, l02, l03)Lµχ

 E
0
1
E02
E03


R
χ+ (l01, l
0
2, l
0
3)Lµ
ρ

 e
0
1
e02
e03


R
ρ+ (l01, l
0
2, l
0
3)Lµ
η

 ν
0
1
ν02
ν03


R
η
+Γχ3Q
0
3LJ
0
3Rχ+ (Q
0
1, Q
0
2)L
(
Γχ11 Γ
χ
12
Γχ21 Γ
χ
22
)(
J01
J02
)
R
χ∗
+Q03L(Γ
ρ
31,Γ
ρ
32,Γ
ρ
33)

 d
0
1
d02
d03


R
ρ+ (Q01, Q
0
2)L
(
Γρ11 Γ
ρ
12 Γ
ρ
13
Γρ21 Γ
ρ
22 Γ
ρ
23
) u
0
1
u02
u03


R
ρ∗
+Q03L(Γ
η
31,Γ
η
32,Γ
η
33)


u01
u02
u03


R
η + (Q01, Q
0
2)L
(
Γη11 Γ
η
12 Γ
η
13
Γη21 Γ
η
22 Γ
η
23
)
d01
d02
d03


R
η∗
+h.c., (2.12)
where µϕ(ϕ = χ, ρ, η) is 3 × 3 constant matrix. LY in (2.12) is written in the case of
the assignment of the bosonic singlet (“1”) of SU(3)L to the all right-handed quarks. Of
course, the expressions for the interaction between the left-handed and the exotic right-
handed quarks with the scalar χ are the same independent of the nature of the singlets
and the term involving the quarks in the first and second families is not mixed with the
corresponding one in the third family because the charge on the exotic quarks in the first
and second families differs from that on the exotic quark in the third family. However, as
is seen from (2.12) the interactions of the left-handed and the right-handed quarks with ρ
or η in the three families will give rise to a mixture of the quarks in the three families to
give masses to the quarks. In the case (ii) of taking into account the nature of the singlet,
i.e., fermionic and antifermionic singlets, the interactions of the quarks in the first and
second families through ρ or η are not mixed with those in the third family as in the case
for the exotic right-handed quarks through χ because in this case the interactions of the
u and d quarks with the scalar bosons are given by putting Γρ,η3i = Γ
ρ,η
i3 = 0 for i = 1, 2 in
(2.12) and thus the left-handed quarks in the first and second families interact with the
right-handed quarks through ρ∗ or η∗, while those in the third family interact through ρ or
η such as those in the case of χ. These results affect the physical fields (mass eigenstates)
of the quarks after the SSB and then the interactions between the quark current and the
gauge bosons which play an important role for the discussion of the triangle anomalies[5].
The Lagrangian Lf in (2.6) can be rewritten in terms of the fermion currents[12] as
follows
Lf= l0aLiγµ∂µl0aL + ν0aRiγµ∂µν0aR + e0aRiγµ∂µe0aR + E0aRiγµ∂µE0aR
6
+Q0aLiγ
µ∂µQ
0
aL + u
0
aRiγ
µ∂µu
0
aR + d
0
aRiγ
µ∂µd
0
aR + J
0
aRiγ
µ∂µJ
0
aR
+
g
2
√
2
[
JµWW
+
µ + J
µ
XX
+
µ + J
µ
Y Y
++
µ + h.c.
]
+eJµemAµ +
g
2cW
JµZZµ +
g
2
√
1− 3t2W
JµZ′Z
′
µ, (2.13)
where
Jµem =
∑
a
l0aLγ
µQl0aL −
∑
a
e0aRγ
µe0aR +
∑
a
E0aRγ
µE0aR +
∑
a
Q0aLγ
µQQ0aL
+
2
3
∑
a
u0aRγ
µu0aR −
1
3
∑
a
d0aRγ
µd0aR −
4
3
∑
j
J0jRγ
µJ0jR +
5
3
J03Rγ
µJ03R,
JµW =
∑
a
l0aLγ
µ(λ4 − iλ5)l0aL +Q03Lγµ(λ1 + iλ2)Q03L +
∑
j
Q0jLγ
µ(−λT1 − iλT2 )Q0jL,
JµX =
∑
a
l0aLγ
µ(λ4 − iλ5)l0aL +Q03Lγµ(λ4 − iλ5)Q03L +
∑
j
Q0jLγ
µ(−λT4 + iλT5 )Q0jL,
JµY =
∑
a
l0aLγ
µ(λ6 − iλ7)l0aL +Q03Lγµ(λ6 − iλ7)Q03L +
∑
j
Q0jLγ
µ(−λT6 + iλT7 )Q0jL,
JµZ =
∑
a
l0aLγ
µ(λ3)l
0
aL +Q
0
3Lγ
µλ3Q
0
3L +
∑
j
Q0jLγ
µ(−λT3 )Q0jL − 2s2WJµem,
JµZ′ =
∑
a
l0aLγ
µ(λ8 −
√
3t2Wλ3)l
0
aL +Q
0
3Lγ
µ(λ8 −
√
3t2Wλ3)Q
0
3L
+
∑
j
Q0jLγ
µ(−λT8 +
√
3t2Wλ
T
3 )Q
0
jL + 2
√
3t2WJ
µ
em,
√
2W±µ = A
1
µ ∓ iA2µ,
√
2X±µ = A
4
µ ± iA5µ,
√
2Y ±±µ = A
6
µ ± iA7µ,
Aµ = sWA
3
µ + cW (−
√
3tWA
8
µ +
√
1− 3t2WBµ),
Zµ = cWA
3
µ − sW (−
√
3tWA
8
µ +
√
1− 3t2WBµ),
Z ′µ =
√
1− 3t2WA8µ +
√
3tWBµ,
tW ≡ tan θW = gN√
g2 + 3g2N
, cW = cos θW , e =
ggY
g2 + g2Y
.
The summation convention will be used here and hereafter over a = 1, 2, 3 and j = 1, 2. It
is noted that though the following is obvious from the assignment of the representations
to the basic quarks, the above currents for the quark part have the structure that the
quarks in the first and second families are not mixed with those in the third family.
It is, thus, expected that the expressions for the currents after the SSB should have
the form similar to those for the above weak interaction bases in order to make the
theory renormalizable, otherwise the vanishing conditions (trace condition in terms of the
representation matrices) for the triangle anomalies for various processes[5] will not be
expressed in terms of the representation matrices and thus the vanishing condition for all
possible processes will not be satisfied in general. It is shown that this result depends on
whether the nature of the singlet is taken into account or not[6].
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3 SSB and particle masses
By introducing the V EV (χv) for χ and writing,
χ ≡ 1√
2
χv +
1√
2
χh =
1√
2

 00
χv

+ 1√
2

 χ
−
h
χ−−h
χ0h

 , (3.1)
the symmetry SU(3)C ⊗ SU(3)L ⊗ U(1)N is broken down to SU(3)C ⊗ SU(2)L ⊗ U(1)Y,
with the hypercharge operator Y = N − √3T8. It is noted that although the group
is broken down to SU(3)C ⊗ SU(2)L ⊗U(1)Y and the 2 and 2¯ representations of SU(2)
are equivalent, the contents of the quarks restricted to the SU(3)C ⊗ SU(2)L ⊗ U(1)Y
in the families are different from those in the standard model (SM). For example, the
transformation of the doublets in the case of the SM is as follows(
ua
da
)
L
∼ (3, 2, 1/6), a = 1, 2, 3, (3.2)
while the corresponding doublets except for the J quarks are now
(
di
ui
)
L
∼ (3, 2¯, 1/6), i = 1, 2,
(
u3
d3
)
L
∼ (3, 2, 1/6). (3.3)
The first doulets with (2¯) in (3.3) may be rewritten in those with the 2 or 2¯ representation
as follows (
d†i
u†i
)
L
∼ (3¯, 2,−1/6),
(
u†i
−d†i
)
L
∼ (3¯, 2¯,−1/6), i = 1, 2. (3.4)
The 2 and 2¯ representations of SU(2) are equivalent as is well known but it should be
taken care of that the doublets transforming according to them are related to each other
in the complex conjugate as above and they are not the same.
In a similar fashion, by the V EV for ρ and writing it
ρ ≡ 1√
2
ρv +
1√
2
ρh =
1√
2


0
ρv
0

+ 1√
2


ρ+h
ρ0h
ρ++h

 , (3.5)
the symmetry SU(2)L ⊗ U(1)Y is broken down to U(1)em. In order to give mass to all
quarks, the V EV for η is needed and η is written as follows:
η ≡ 1√
2
ηv +
1√
2
ηh =
1√
2

 ηv0
0

+ 1√
2

 η
0
h
η−h
η+h

 . (3.6)
where here and hereafter the same notations for the component of the V EV of the scalars
and the V EV itself are used for confusion will not occur. It is noted that the U(1)em
symmetry is not affected by introducing the V EV for η.
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The scalar potential (2.11), from which the mass of the scalar particles is determined,
is rewritten in terms of the fields with the subscript h by the replacement of the following
forms
χ†χ→ 1
2
(χ†h + χ
†
v)(χh + χv),
χ†ρ→ 1
2
(χ†h + χ
†
v)(ρh + ρv). (3.7)
As noted before, the scalar fields χ, ρ, η may be considered as the irreducible components
of the reducible field Φ(= (χ, ρ, η)T ) and it is convenient to work in terms of hermitian
scalar fields in the case of the Rξ gauges instead of the complex fields by writing these
such as χj = χˆ2,j + iχˆ1,j with hermitian χˆ1,j and χˆ2,j, where j takes 1,2 and 3 and for
instance, χ1 means χ
−. Then it follows from App.2 that the quantities like (3.7) in the
scalar potential are given by the replacement of the following forms
(χ†h + χ
†
v)(χh + χv)→ (χˆTh χˆh + 2χˆTv χˆh + χˆTv χˆv),
(χ†h + χ
†
v)(ρh + ρv)→ (χˆTh + χˆTv )(I2 + τ2)⊗ I3(ρˆh + ρˆv). (3.8)
Similarly, the covariant derivative for the scalar fields in (2.7) can be rewritten in
terms of Φ as follows
DµΦ = (∂µ − iKΦµ )Φ, (3.9)
KΦµ ≡ Kχµ ⊕Kρµ ⊕Kηµ,
where ⊕ means a direct sum of the matrices and the notation Kϕµ denotes the quantity
gλ · Aµ/2 + gNyϕBµ given in (2.7) with ϕ ( = χ, ρ and η). (3.9) is rewritten in the
covariant derivative Dˆµ corresponding to Dµ given in App.2 as follows
DˆµΦˆ = (∂µ − iKΦˆµ )Φˆ, (3.10)
where
KΦˆµ ≡ I2 ⊗ (Kχµ− ⊕Kρµ− ⊕Kηµ−) + τ2 ⊗ (Kχµ+ ⊕Kρµ+ ⊕Kηµ+),
Kϕµ± ≡
1
2
(Kϕµ ±KϕTµ ),
and Φˆ = (χˆ, ρˆ, ηˆ)T with ϕˆ = (ϕ1,1, ϕ2,1, ϕ1,2, ϕ2,2, ϕ1,3, ϕ2,3) for ϕ = χ, ρ and η. Then, the
covariant kinetic energy term for the scalar field Φ becomes from (2.7) and (B.4) in terms
of Φˆ as follows
(Dµχ)†(Dµχ) + (Dµρ)†(Dµρ) + (Dµη)†(Dµη)
= (DµΦ)†DµΦ
=
1
2
(DˆµΦˆ)T (I2 + τ2)⊗ (I3 ⊕ I3 ⊕ I3)DˆµΦˆ, (3.11)
where I3 denotes 3 × 3 unit matrix. By using the V EV of the χ, ρ and η and writing
Φˆ = v + Φ˜ and v = (χˆv, ρˆv, ηˆv)
T with the non-zero components χˆv2,3 = χv, ρˆv2,2 =
9
ρv, ηˆv2,1 = ηv, (3.11) is rewritten as follows
(DµΦ)†DµΦ=
1
2
[(DˆµΦ˜)T DˆµΦ˜ + {vT (I2 + τ2)⊗ (I3 ⊕ I3 ⊕ I3)KΦˆµKΦˆµ )Φ˜
+Φ˜TKΦˆµKΦˆµ (I2 + τ2)⊗ (I3 ⊕ I3 ⊕ I3)v} − 2ivT∂µKΦˆµ Φ˜
+vTKΦˆµKΦˆµ v]. (3.12)
The last term gives the mass to the gauge bosons in the form
[M2WW
µ+W−µ +M
2
XX
µ+X−µ +M
2
Y Y
µ++Y −−µ + h.c.]
+
1
2
(M2Z1Z
µ
1Z1µ +M
2
Z2
Zµ2Z2µ), (3.13)
where
Z1µ = cosφZµ + sinφZ
′
µ, Z2µ = − sinφZµ + cosφZ ′µ,
M2W =
g2
4
(ρ2v + η
2
v), M
2
X =
g2
4
(χ2v + η
2
v),
M2Y =
g2
4
(χ2v + ρ
2
v),
M2Z1 =
1
2
[
M2Z +M
2
Z′ −
√
(M2Z′ −M2Z)2 + 4(MZZ′)4
]
,
M2Z2 =
1
2
[
M2Z +M
2
Z′ +
√
(M2Z′ −M2Z)2 + 4(MZZ′)4
]
,
tanφ =
M2Z −M2Z1
M2ZZ′
,
M2Z =
M2W
c2W
,
M2Z′ =
1
1− 3t2W
[
(2 + 3t2W )M
2
Y + (2− 3t2W )M2X −M2W
]
,
M2ZZ′ =
1
cW
√
3(1− 3t2W )
[
M2Y −M2X + 3t2WM2W
]
,
Aµ denotes the massless gauge field (electromagnetic field) and θW the Weinberg angle
in SM. It is noted that the neutral gauge bosons Z1, Z2 with the definite mass is related
with Z,Z ′ through an orthogonal transformation[12].
The mass of the fermions is determined from the Yukawa interaction (2.12) through
the SSB. The lepton masses are determined from the first three terms in (2.12) in a similar
way as in SM and the Lagrangian is given as follows
LlY= ELMEER + eLMeeR + νLMνEν
+
1
χv
[
νLU
νEMEERχ
+
h + eLU
eEMEERχ
0
h + ELMEERχ
0
h
]
+
1
ρv
[
νLU
νeMeeRρ
+
h + eLMeeRρ
0
h + ELU
EeMeeRρ
++
h
]
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+
1
ηv
[
νLMννRη
0
h + eLU
eνMννRη
−
h + ELU
EνMννRη
+
h
]
+ h.c. (3.14)
=
1
χv
(
(UEνν), (UEee), E
)
L
MEER(χv + χh)
+
1
ρv
(
(Ueνν), e, (UeEE)
)
L
MeeR(ρv + ρh)
+
1
ηv
(
ν, (Uνee), (UνEE)
)
L
MννR(ηv + ηh) + h.c.,
where
E0L,R = A
E
L,REL,R, e
0
L,R = A
e
L,ReL,R, ν
0
L,R = A
ν
L,RνL,R,
AE†L,Rµ
χAEL,R =ME = diag(mE1, mE2, mE3), E
0
L,R = (E
0
1 , E
0
2 , E
0
3)
T
L,R,
UEe = AE†L A
e
L = (U
eE)†, Uνe = UνEUEe,
E0L,RE
0
L,R = UEL,RUEL,R = EL,REL,R for any unitary U,
and similar notations for the other quantities are obvious. The number of the parameters
in (3.14) is twenty in all and two of them are through the phases in the unitary matrices
UEe and UEν [13]. It follows from the nature of the mass eigenstates and (3.14) that the
kinetic energy parts and the Yukawa interactions for the leptons in terms of the mass
eigenstates have the same form as those in terms of the weak interaction bases. The fact
is due to the assignment of only the 3 representation of SU(3)L to the left-handed leptons
and the singlet under the 3 representation for the right-handed ones. It is noted that the
transformation of the mass eigenstates for the leptons under SU(3)L ⊗ U(1)N is formally
expressed in the similar form as to the weak interaction bases, e.g.,
l′aL ∼ (1− i
9∑
b=1
βbLb)laL, (3.15)
where laL may have the form such as ((U1ν)a, (U2e)a, (U3E)a) with some unitary U ’s.
The interaction of the quarks with the χ in (2.12) gives the mass to the J quarks and
the Lagrangian has the explicit form in terms of the masses and their eigenstates
LχY= mJ3J3LJ3R + JLMJJR
+
1
χv
mJ3
[
u3Lχ
−
h + d3Lχ
−−
h + J3Lχ
0
h
]
J3R
+
1
χv
[
dLU
dJMJχ
−∗
h + uLU
uJMJχ
−−∗
h + JLMJχ
0∗
h
]
JR + h.c. (3.16)
=
1
χv
(
u3, d3, J3
)
L
mJ3J3R(χv + χh)
+
1
χv
(
(UJdd), (UJuu), J
)
L
MJJR(χv + χ
∗
h) + h.c.,
where mJ3(= χvΓ
χ
3/
√
2) denotes the mass of J3(= J
0
3 ), and the 2 × 2 mass matrix is
diagonalized in the usual way
J0L,R = A
J
L,RJL,R, u
0
L,R = A
u
L,RuL,R, d
0
L,R = A
d
L,RdL,R,
11
AJ†L M
χAJR = MJ ≡
(
mJ1 0
0 mJ2
)
,
J0L,R =
(
J01
J02
)
L,R
, Mχ =
χv√
2
(
Γχ11 Γ
χ
12
Γχ21 Γ
χ
22
)
,
UJd = AJ†L A
d
L, U
Ju = AJ†L A
u
L, A
J†
L,RA
J
L,R = I, etc.,
J0†3L,RJ
0
3L,R = J
†
3L,RJ3L,R, J
0†
L,RJ
0
L,R = J
†
L,RJL,R
The quantities UJd and UJu denote the 2 × 2 Cabibbo matrices[14] and each one is
characterized only by one real parameter. The number of the parameters in (3.16) is five
and the CP violation phases do not appear[13]. It is noted that the result is independent
of the nature of the singlet because the charge of J3 is different from that of the J1, J2
and thus J3 can not be mixed with J1 and J2. The expression (3.16) has the form similar
to that in (2.12) and the quantities (u3, d3, J3)
T
L and ((U
Jdd)i, (U
Juu)i, Ji)
T
L corresponding
to those in the weak interaction bases as well as the right-handed ones are subject to the
transformation corresponding to that in the weak interaction bases.
In the case (i) of “1”, the masses of the u and d quarks are given from LY in (2.12)
through the VEV of the ρ and η. The Lagrangian giving the mass to these quarks has
the form
1√
2
(
ηvu¯
0
3LΓ
η
3au
0
aR + ρvd¯
0
3LΓ
ρ
3ad
0
aR + ρvu¯
0
iLΓ
ρ
iau
0
aR + ηvd¯
0
iLΓ
η
iad
0
aR
)
+ h.c., (3.17)
where the sum over i is taken from 1 to 2, and that over a from 1 to 3. It is then seen
that there are two possibilities of diagonalizing the mass matrices. One of them is to
admit the mixing of the left-handed quarks belonging to the different representations in
order to forbid unwanted processes such as u(c) ↔ t and d(s) ↔ b with the interaction
with vacuum (or without interaction). The other one is to forbid the mixing of the left-
handed quarks belonging to the different representations and to admit the above unwanted
processes.
The Lagrangian for the quark sector in the first one called case (i-a) can be rewritten
in terms of the mass eigenstates as follows
LρY + LηY= ULMuUR +DLMdDR
+
1√
2
ULB
u†
L
(
I2Γ
ρρ0∗h + I1Γ
ηη0h
)
BuRUR
+
1√
2
DLB
d†
L
(
I1Γ
ρρ0h + I2Γ
ηη0∗h
)
BdRDR
+
1√
2
ULB
u†
L
(
I2Γ
ηη−∗h + I1Γ
ρρ+h
)
BdRDR
+
1√
2
DLB
d†
L
(
I2Γ
ρρ+∗h + I1Γ
ηη−h
)
BuRUR
+
1√
2
J3LΓ
ρ
1B
d
RDRρ
++
h +
1√
2
J3LΓ
η
1B
u
RURη
+
h
+
1√
2
JLA
J†
L Γ
ρ
2B
u
RURρ
++∗
h +
1√
2
JLA
J†
L Γ
η
2B
d
RDRη
+∗
h + h.c., (3.18)
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where
Γρ,η1 = (Γ
ρ,η
31 Γ
ρ,η
32 Γ
ρ,η
33 ), Γ
ρ,η
2 =
(
Γρ,η11 Γ
ρ,η
12 Γ
ρ,η
13 )
Γρ,η21 Γ
ρ,η
22 Γ
ρ,η
23
)
, Γρ,η =
(
Γρ,η2
Γρ,η1
)
,
U0L,R =


u01
u02
u03


L,R
, D0L,R =


d01
d02
d03


L,R
, U0L,R = B
u
L,RUL,R, D
0
L,R = B
d
L,RDL,R,
1√
2
Bu†L (I2Γ
ρρv + I1Γ
ηηv)B
u
R = Mu ≡


mu1 0 0
0 mu2 0
0 0 mu3

 , I1 =


0 0 0
0 0 0
0 0 1

 ,
1√
2
Bd†L (I1Γ
ρρv + I2Γ
ηηv)B
d
R =Md ≡

 md1 0 00 md2 0
0 0 md3

 , I2 =

 1 0 00 1 0
0 0 0

 .
It is noted that the unitary matrices defining the mass eigenstates can not be combined
into the Kobayashi-Maskawa-like matrices[14] as in (3.14) and (3.16) and appear in the
interaction by itself. It is seen that the mass matrices are diagonalized through 3 × 3
unitary matrices which produce a result of the mixture of the left-handed quarks belonging
to the different representations, 3 and 3¯, and it is necessary to diagonalize the 3 × 3
matrices by 3 × 3 unitary matrices and use the mass eigenstates with three components
because the quantities Γ3i and Γi3(i = 1, 2) are not zero in general. Thus, the parameters
appear through these matrices as well as those in the Γ matrices and the number of the
parameters in (3.18) amounts to about fifty eight. The CP violation occurs through the
phases in these matrices in addition to those in the Kobayashi-Maskawa matrices in (3.14)
for leptons[13][14]. The following relations hold due to the unitary transformation
U0†L,RU
0
L,R = U
†
L,RUL,R, D
0†
L,RD
0
L,R = D
†
L,RDL,R. (3.19)
It is evident that (3.18) can not be rewritten in the form (2.12) corresponding to that
in terms of the weak interaction bases because of the mixing of the left-handed quarks
belonging to the different representations. It is noted that the relations in (3.19) do not
mean the relations such as u0†3L,Ru
0
3L,R = U
†
3L,RU3L,R and
∑
2
i=1 u
0†
iL,Ru
0
iL,R =
∑
2
i=1 U
†
iL,RUiL,R
although the reverse is true.
The Lagrangian for the quark sector in the latter one called case (i-b) can be rewritten
in terms of the mass eigenstates as follows
LρY + LηY=
1
ηv
(
u3, d3, J3
)
L
mu3u3R (ηv + ηh) +
1
ρv
(
u3, d¯3, J¯3
)
L
md3d3R (ρv + ρh)
+
1
ρv
(
(Uudd), u¯, (UuJJ)
)
L
muuR (ρv + ρ
∗
h)
+
1
ηv
(
d, (Uduu), (UdJJ)
)
L
mddR (ηv + η
∗
h)
+
1√
2
[(
u3, d3, J3
)
L
(Γη31,Γ
η
32)A
u
RuR (ηv + ηh)
+
(
u3, d3, J3
)
L
(Γρ31,Γ
ρ
32)A
d
RdR (ρv + ρh)
13
+
(
(Uudd), u, (UuJJ)
)
L
Au†L
(
Γρ13
Γρ23
)
u3R (ρv + ρ
∗
h)
+
(
d, (Uduu), (UdJJ)
)
L
Ad†L
(
Γη13
Γη23
)
d3R (ηv + η
∗
h)
]
+ h.c., (3.20)
where
u0L,R = A
u
L,RuL,R, d
0
L,R = A
d
L,RdL,R, u
0
3L,R = u3L,R, d
0
3L,R = d3L,R,
uL,R =
(
u1
u2
)
L,R
, dL,R =
(
d1
d2
)
L,R
,
mu3 =
1√
2
ηvΓ
η
33, md3 =
1√
2
ρvΓ
ρ
33,
1√
2
ρvA
u†
L
(
Γρ11 Γ
ρ
12
Γρ21 Γ
ρ
22
)
AuR = mu =
(
mu1 0
0 mu2
)
,
1√
2
ηvA
d†
L
(
Γη11 Γ
η
12
Γη21 Γ
η
22
)
AdR = md =
(
md1 0
0 md2
)
,
Uud ≡ Au†L AdL = (Udu)†, UJu ≡ AJ†L AuL, UJd = UJuUud,
u0†L,Ru
0
L,R = u
†
L,RuL,R = (Uu)
†
L,R(Uu)L,R,
d0†L,Rd
0
L,R = d
†
L,RdL,R = (Ud)
†
L,R(Ud)L,R.
The Lagrangian (3.20) has the form corresponding to that in (2.12) in terms of the weak
interaction bases and it is evident that the transformation of the mass eigenstate quarks
under SU(3)L ⊗ U(1)N is formally given by the form corresponding to those in the weak
interaction bases. It is noted that the bracketed terms on the right side in (3.20) contain
unwanted processes of the flavor change in the interaction with the vacuum.
In the case (ii) of “13” and “13¯” for the singlet, however, the corresponding Lagrangian
is given by putting Γρ,η3i = Γ
ρ,η
i3 = 0 (i = 1, 2) from (3.20), i.e. given by omitting the
bracketed terms in (3.20). Then, it is noted that the matrices defining the mass eigenstates
are combined into the three Cabibbo matrices one of which is given by the product of the
other two and the Lagrangian is given in the form similar to that for the J quark. Of
course, the above unwanted processes do not appear. The number of the parameters in
in this case is eight and no CP violation occurs. It is noted that the interaction terms
are expressed in the forms similar to those in (2.12) in the case (ii) also as in the case of
J ’s. It follows that the expression for the quark parts is summarized in terms of the mass
eigenstates for the basic fermions and 2 × 2 Cabibbo matrices and thus the parameters
appear through the masses of the fermions and the Cabibbo matrices together with no CP
violation from the quark parts. Thus, the number of the parameters is twenty six in all.
The relations u0†L u
0
L = u
†
LuL and d
0†
L d
0
L = d
†
LdL but not (3.19) are desirable from a physical
point of view as mentioned before and are necessary for the anomaly coefficients[5] after
the SSB to have the expressions corresponding to those in terms of the representation
matrices before the SSB.
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4 Rξ gauges
It is useful to use the tilde quantities for the scalar fields in order to fix the gauge and
introduce the ghost fields[9][10]. We first rewrite (3.11) in terms of these quantities. Then,
the non-zero components of the scalar fields in the case of the Higgs mechanism are given
by putting χ˜α,i = 0 except for χ˜2,3 and ρ˜α,1 = ρ˜1,2 = 0 in (3.12) but then the terms such
as gρv(∂
µY ++µ ρ
++†
h − ∂µY −−µ ρ++h ) and gηv(∂µW−µ η+h − ∂µW+µ η−h + ∂µX+µ η−h − ∂µX−µ η+h ) ,
which lead to the unwanted processes such as ρ−− ↔ Y −− and η+ ↔ W+ for moving
gauge bosons, remain in the third term in (3.12). These terms can not be excluded with
some additional physical procedure as long as the Higgs mechanism is used. Therefore,
it is more reasonable to use Rξ gauges than the gauge based on the Higgs mechanism
because the terms giving the above unwanted processes can be cancelled by terms added
to the Lagrangian to fix the gauge.
The gauge fixing Lagrangian is introduced according to the known procedure[9] as
follows
Lgf = −ξ
2
9∑
a=1
(
∂µV aµ − i
ga
ξ
vTLΦˆaΦ˜
)2
, (4.1)
where
LΦˆa ≡ I2 ⊗ (Lχa− ⊕ Lρa− ⊕ Lηa− ) + τ2 ⊗ (Lχa+ ⊕ Lρa+ ⊕ Lηa+ ),
Lϕa± ≡
1
2
(
Lϕa ± LϕaT
)
,
Lϕa = La =
{
λa/2 (a = 1, 2, · · · , 8),
yϕI3 (a = 9),
and V aµ = A
a
µ, ga = g (a = 1, 2, · · · , 8), V 9µ = Bµ and g9 = gN . It is noted that the cross
terms from (4.1) cancel the third term in (3.12). Furthermore, as is well known a set of
nine ghost fields Ca(a = 1, 2, · · · , 9) corresponding to the nine generators Li = λi/2(i =
1, 2, · · · , 8) and yφI3 are needed to ensure unitarity and renormalizability[9][10][15]. The
Lagrangian for the ghost fields is given with the known procedure[9] by
Lgh = i
[
∂µCa(∂µC
a + gbfabcV
b
µC
c)− gagb
ξ
CavTLΦˆaLΦˆb(v + Φ˜)Cb
]
, (4.2)
where fabc denotes the structure constants of SU(3)L ⊗ U(1) with fab9 = 0. The mass
term of the ghost fields contained in the last term of (4.2) is given by replacing V aµ → Ca
in that of the gauge fields given by the last term in (3.12) except for the factor ξ. The
explicit expression of (4.2) in terms of the χ, ρ, and η is given as follows
Lgh= i
[
∂µCj(∂µC
j + gfjklA
k
µC
l) + ∂µC∂µC
−g
2
2ξ
Cj
{
χTv
{
I2 ⊗ (LjLk + LjTLkT ) + τ2 ⊗ (LjLk − LjTLkT )
}
(χv + χ˜)
+ρTv
{
I2 ⊗ (LjLk + LjTLkT ) + τ2 ⊗ (LjLk − LjTLkT )
}
(ρv + ρ˜)
+ηTv
{
I2 ⊗ (LjLk + LjTLkT ) + τ2 ⊗ (LjLk − LjTLkT )
}
(ηv + η˜)
}
Ck
15
−g
2
N
ξ
C
{
χTv (χv + χ˜) + ρ
T
v (ρv + ρ˜)
}
C
+
ggN
2ξ
Cj
{
χTv
{
τ2 ⊗ (Lj − LjT ) + I2 ⊗ (Lj + LjT )
}
(χv + χ˜)
+ρTv
{
τ2 ⊗ (Lj − LjT ) + I2 ⊗ (Lj + LjT )
}
(ρv + ρ˜)
}
C
+
ggN
2ξ
C
{
χTv
{
τ2 ⊗ (Lj − LjT ) + I2 ⊗ (Lj + LjT )
}
(χv + χ˜)
+ρTv
{
τ2 ⊗ (Lj − LjT ) + I2 ⊗ (Lj + LjT )
}
(ρv + ρ˜)
}
Cj
]
, (4.3)
where C ≡ C9 and χv(ρv, ηv) is used instead of χˆv (ρˆv, ηˆv).
5 Propagators
As the Lagrangian in the Rξ gauge is determined, the propagators for the particles are
obtained in a known way. Those for the gauge bosons are obtained in the form similar to
those in SM from LV in (2.8) and (3.12) as follows
iDAµν(k) = −i
1
k2

gµν − (1−
1
ξ
)
k2
kµkν

 , for Aµ
iDVµν(k) = −i
1
k2 −M2V

gµν − (1−
1
ξ
)
k2 −M2V /ξ
kµkν

 , for V =W±µ , X±µ , Y ±±µ ,
iDZiµν(k) = −i
1
(k2 −M2Zi)

gµν − (1−
1
ξ
)kµkν
(k2 −M2Zi/ξ)

 , for Zi (i = 1, 2), (5.1)
where here and hereafter a factor to select the boundary condition is omitted.
Those for the ghost fields are given from those in (4.3) which has the same mass
matrix as the gauge field in (3.13) except for the parameter ξ and thus the states of the
ghost may be classified in the way similar to those of the gauge bosons. The notations
corresponding to the gauge bosons are used,i.e., such as c+W , c
+
X , cA, etc. corresponding to
W+µ , X
+
µ , Aµ, etc. and the propagators are given as follows
iDGA(k) =
i
k2
, for cA
iDGX(k) =
i
k2 −M2X/ξ
, for X = c±W , c
±
X , c
±±
Y , (5.2)
iDGZi(k) =
i
k2 −M2Zi/ξ
, for cZi (i = 1, 2),
where the expressions for c+W etc. in terms of c
i etc. are given by replacing the Aiµ and
Bµ in the expressions for the gauge bosons W
+
µ etc. with c
i and c and the M2X denotes
the mass of the gauge boson X . It is noted that the first one in (5.2) corresponds to a
propagator of the mass zero field and remains in the limit of ξ → 0 in contrast to those
of the other eight.
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The propagators for the scalar fields are divided into three types and are given as
follows:
(I)Type 1. The mass matrix for a pair of fields (x˜, y˜) is given by the 2× 2 matrix
µ2 +
M2
4ξ
= c
(
y
−x
)
(y − x) + g
2
4ξ
(
x
y
)
(x y).
The propagators for the diagonalized fields of these are given by
(a) For g
2
4ξ
> c;
iDxˆsc(k) =
i
k2 − 4cM2x
g2
, iDyˆsc(k) =
i
k2 − M2x
ξ
, (5.3)
xˆ = cosφsx˜− sinφsy˜, yˆ = cosφsy˜ + sin φsx˜,
M2x =
g2
4
(x2 + y2), tanφs =
y
x
,
(b) For c > g
2
4ξ
;
The propagator in this case is given by replacing x→ y and y → −x in (a).
It follows that one of the two propagators in (5.3) has a physical pole 4cM2x/g
2 de-
pending on a mass M2x of the gauge boson x and the other a pole M
2/ξ depending on the
ξ. Thus one of these remains even in a limit ξ → 0 and the other disappears in the limit.
Explicitly, the following six cases are possible for a pair of fields
(i) x = χv, y = ηv, c = c8/2,M
2
x = M
2
X for x˜ = χ˜1,1, y˜ = η˜1,3.
(ii) x = ηv, y = −χv, c = c8/2,M2x = M2X for x˜ = χ˜2,1, y˜ = η˜2,3.
(iii) x = χv, y = ρv, c = c7/2,M
2
x =M
2
Y for x˜ = χ˜1,2, y˜ = ρ˜1,3.
(iv) x = χv, y = −ρv, c = c7/2,M2x =M2Y for x˜ = χ˜2,2, y˜ = ρ˜2,3.
(v) x = ρv, y = ηv, c = c9/2,M
2
x = M
2
W for x˜ = ρ˜1,1, y˜ = η˜1,2.
(vi) x = ρv, y = −ηv, c = c9/2,M2x =M2W for x˜ = ρ˜2,1, y˜ = η˜2,2.
(II)Type 2. The mass matrix for the (χ˜1,3, ρ˜1,2, η˜1,1) is given by
M2 =
1
ξ


( g
2
3
+ g′2)χ2 −( g2
6
+ g′2)χρ −g2
6
χη
−( g2
6
+ g′2)χρ ( g
2
3
+ g′2)ρ2 −g2
6
ρη
−g2
6
χη −g2
6
ρη g
2
3
η2

 , (5.4)
where the notations (χ, ρ, η) are used instead of (χv, ρv, ηv). The propagators are given
for the diagonalized fields of these by
iD0(k) =
i
k2
, iD−(k) =
i
k2 −M2−/ξ
, iD+(k) =
i
k2 −M2+/ξ
,
where
χ˜0 = a(ρηχ˜1,3 + χηρ˜1,2 + χρη˜1,1), ρ˜M+ = cos θρ˜− + sin θη˜+,
η˜M− = − sin θρ˜+ + cos θη˜−, ρ˜− = b(χχ˜1,3 + ρρ˜1,2 − 2ηη˜1,1),
17
η˜+ = c{χ(ρ2 + 2η2)χ˜1,3 − ρ(χ2 + 2η2)ρ˜1,2 + η(χ2 − ρ2)η˜1,1},
a2(χ2ρ2 + χ2η2 + η2ρ2) = 1, b2(χ2 + ρ2 + 4η2) = 1, c = ab,
tan θ =
1
M223
[
M233 −M222 −
√
(M233 −M222)2 + 4(M223)2
]
,
M222 = b
2
[
g2
3
(χ4 + ρ4 + 4η4 − ρ2χ2 + 2η2χ2 + 2ρ2η2) + g2N(χ2 − ρ2)2
]
,
M233 =
4b2
a2
(
g2
4
+ g2N
)
, M223 =
2b2
a
(
χ2 − ρ2
) (g2
4
+ g2N
)
,
M2± =
1
2
[
g2
3
(
ρ2 + χ2 + η2
)
∓
√√√√{g2
3
(ρ2 + χ2 + η2) + g2N (ρ
2 + χ2)
}2
− 4g
2
3
(
g2
4
+ g2N
)
(χ2ρ2 + χ2η2 + ρ2η2)

 .
It is noted that one of the propagators appears with the zero-mass form as above due to
detM2 = 0.
(III)Type 3. The propagator of the case is for the fields (χ˜2,3, ρ˜2,2, η˜2,1), which correspond
to the neutral fields appearing with the masses in the Higgs mechanism and are the real
counterparts of the neutral scalar fields whose imagianry parts appear in the type 2, and
is given by
iD(χ˜2,3, ρ˜2,2, η˜2,1) =
i
k2 −M2 , (5.5)
where the mass matrix is given by
M2 =


2c1χ
2 c4χρ c5χη
c4χρ 2c2ρ
2 c6ρη
c5χη c6ρη 2c3η
2

 .
It is noted that the first type of the propagators has two types of the pole, one at
4cM2x/g
2 and the gauge-dependent pole at M2x/ξ with the gauge boson mass and the
second one has the mass matrix proportional to ξ−1 whose determinant is zero. The third
type is for the fields (χ2,2, ρ2,2, η2,1) and the mass matrix with three non-zero eigenvalues
is independent of ξ.
It follows that in the limit of ξ → 0, there are one massless (photon), and eight massive
vector bosons, ten scalar bosons (18 - 8=10) one of which is massless and no other particles
independent of ξ. The result for the degree of freedom agrees with that expected from the
Higgs mechanism. It is, however, noted that as mentioned before an unwanted processes
appear in the Higgs mechanism but in the Rξ gauge the unwanted processes are cancelled
out by the gauge fixing terms. It is confirmed that all the above propagators behave
like (momentum)−2 in the momentum → ∞ limit in the case of 0 < ξ < ∞. Thus it
is expected that the theory with the Rξ gauge will be renormalizable provided that the
triangle anomalies do not appear from the interaction of the fermion fields with those of
the gauge bosons as is well known. However, it is shown without the gauge fixing in a
previous paper[6] that the nature of the singlet assigned to the right-handed quarks in
the families affects the triangle anomalies.
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The propagator for the mass eigenstate fermions can be discussed in the usual way
from the second order terms in (3.14) for the leptons and the discussions after (3.16)
for the quarks together with the kenetic energy terms expressed in terms of the mass
eigenstates from (2.6). The propagators for the leptons and the J quarks are given in a
unique way. However, the propagators for the mass eigenstate u and d quarks have the
different forms depending on the nature of the right-handed singlet.
In the case (i-a), the progpagator for each quark of Ua and Da is given throught (3.18)
and the kinetic energy terms expressed in terms of the mass eigenstates from (2.6) in the
same form as those for the leptons. It is, however, noted that the mass eigenstates in (3.18)
are given by a linear combination of the quarks belonging to different represenattions as
mentioned below (3.18). It,thus, follows that in this case the quark currents in terms of
the mass eigenstates have the form different from those in terms of the weak interaction
bases. In the case (i-b), owing to the braketed terms in (3.20) the propagators are not
given for each quark but with the form related to the three quarks such as of the u1, u2 and
u3 each of which is a linear combination of three weak interaction bases. The propagators
for the u and d are obtained from (3.20) and the kinetic energy terms in (2.6) and for
instance, those for the u1,u2 and u3 are given in the coupled form in the known way as
follows
iD(k) = i


/k −m1 0 h13
0 /k −m2 h23
h31 h32 /k −m3


−1
,
hi3 ≡ 1√
2
{
ηv
∑
Γη∗3j (A
u
R)
∗
jiPL + ρv
∑
(AuR)
∗
jiΓ
η
j3PR
}
,
h3i ≡ 1√
2
{
ηv
∑
Γη3j(A
u
R)jiPR + ρv
∑
Γρ∗j3(A
u
L)jiPL
}
,
m1 = mu1 , m2 = mu12, m3 = mu3 , (5.6)
where the sum over j is meant from 1 to 2. It, thus, follows that the quark currents in
terms of the mass eigenstate quarks have the same form as those in the weak interaction
bases but the anomaly coefficients from the quark currents can not be expressed in the
form with the product of the representation matrices in terms of the weak interaction
bases (see §7) because of the propagator by the mixing of the quarks in the different
representations.
In the case (ii) of taking into account the transformation property of the right-handed
singlet, i.e., “13” for the counterpart of the left-handed “3” representation and “13¯” for
that of the left-handed “3¯” representation, the propagators are given for each quarks
such as for the J quarks and then such phenomena appearing in the case (i-b) for the
anomaly coefficient does not exist for lack of the bracketed terms in (3.20), i.e., due to
Γρ,ηi3 = Γ
ρ,η
3i = 0. The result will play an important role in the fermion triangle anomalies
and thus in the renormalization of the theory.
As is seen from above discussion on the quark propagators the quantities Γρ,η3i and Γ
ρ,η
i3
for i = 1, 2 must be zero in order to give the consistent result to the theory, i.e. anomaly
free and then renorlizability. The condition of Γρ,ηi3 = Γ
ρ,η
3i = 0 is satisfied automatically in
the case (ii) of our assignment of “13” and “13¯”, but is not ensured in the case (i) of “1”
except for imposition of the condition by hand. In the next section, the fermion currents
are given in terms of the mass eigenstates.
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6 Fermion currents in terms of mass eigenstates
The currents in (2.13) in terms of the weak interaction bases can be given in terms of
the mass eigenstates given in (3.14) for the lepton and those after (3.16) for the quarks.
Owing to the last relations below (3.14) and the corresponding ones such as the relation
(3.19) and the last relation below (3.16) and (3.20) for the quarks, the lepton parts in the
currents JµW etc.,[16] and the electromagnetic current J
µ
em may be given by substitution
of the weak interaction bases in (2.13) into the corresponding mass field or the mass
field multiplied with some unitary matrix such as ν ′ = Ueνν and D′ = BD as seen from
(3.14) ∼ (3.20). However, the quark parts of the currents except for the electromagnetic
current have the different forms after the SSB according to the nature of the singlet[6].
In the case (i-a), the quark part of the JµW current can be rewritten in the form
JµW∼ Q03Lγµ(λ1 + iλ2)Q03L +Q0jLγµ(−λT1 − iλT2 )Q0jL
= 2UaL(B
u†)a3γ
µ(BdL)3bDbL − 2UaL(Bu†)ajγµ(BdL)jbDbL, (6.1)
where the sum over a and b is meant from 1 to 3 and that over j from 1 to 2. It is
noted that the last expression can not be rewritten owing to the different sign in front
of the terms in the same form as that in the weak interaction bases. This different sign
comes from the fact that the left-handed quarks in the first and the second families are
transformed under the 3¯ representation but those in the third family are under the 3
representation. The mixing of the quarks in the different representations as mentioned
below (3.18) must be used to construct the mass eigenstates. Similarly, it is apparent that
the quark parts for the other currents can not be expressed in the form corresponding
to those in terms of the weak interaction bases and in particular the FCNC[6][8] appears
from the neutral current JµZ′ such as
Q03Lγ
µλ8Q
0
3L −Q0jLγµλT8Q0jL= UaL(Bu†L )a3γµ(BuL)3bUbL − UaL(Bu†L )ajγµ(BuL)jbUbL
+DaL(B
d†
L )a3γ
µ(BdL)3bDbL −DaL(Bd†L )ajγµ(BdL)jbDbL
+J3Lγ
µJ3L − JLγµJL.
The FCNC does not occur in the J quarks but occurs in the u and d quarks bucause the
mixing of the J quarks belonging to the different representations does not appear as seen
from (3.16) but that of the u and d quarks appears as seen from (3.18) [8][12][13].
In the case (i-b), the quark part of the JµW current can be given in the form similar to
that in the weak interaction bases,i.e.,
JµW∼ Q03Lγµ(λ1 + iλ2)Q03L +Q0jLγµ(−λT1 − iλT2 )Q0jL
= Q3Lγ
µ(λ1 + iλ2)Q3L +QjLγ
µ(−λT1 − iλT2 )QjL, (6.2)
where
Q3L =

 u3d3
J3


L
, QiL =

 diu′i
J ′i


L
,
u′L = U
duuL, J
′
L = U
dJJL.
20
It is apparent that the other currents for the quark parts have the forms corresponding
to those in the weak interaction bases and then the cross terms of the left-handed quarks
belonging to the different representations do not appear in contrast to the case (i-a).
In this case, however, the propagators depend on the quarks belonging to the different
representations as seen from (5.6) in §5.
In the case (ii) of “13” and “13¯”, the currents in (2.13) are given in the same form
as in the case (i-b). A decisive difference from the case (i-b) is that in the case (i-
b) the bracketed terms in (3.20) appear but in the case (ii) these terms vanish due to
Γρ,η3i = Γ
ρ,η
i3 = 0. As the result, the propagators of the u and d quarks are given for
each mass eigenstate quark in contrast to those in the cases (i-a) and (i-b) and then
the anomaly coefficients after the SSB are given in the same form as that in the weak
interaction bases as will be seen in the next section.
7 Triangle anomalies
It is known that the anomalies, which are singuralities associated with the fermion triangle
diagram contributions to the vertex of three currents, should be cancelled even when the
gauge structure of the theory is modified by the SSB[5]. If the anomalies appear without
vanishing, the renormalizability of the theory will be destroyed[11][15].
The anomaly coefficient Aijk in the vertex of currents i, j and k is given by[5]
Aijk∼ 2TrLiL{LjL, LkL} − 2TrLiR{LjR, LkR}
≡ 2(ALijk −ARijk), (7.1)
where LiL and L
i
R denote the represenation matrices of the left- and right-handed fermions.
In the case (ii) of the singlet 13 and 13¯, it follows from the discussion in §6 that the
anomaly coefficients are zero because the currents after the SSB are expressed in terms
of ones corresponding to those in terms of the weak interaction bases before the SSB. For
instance, the coefficients for the processes Z →W+W− and Z → Y ++Y −− become
∑
Tr(T3L − 2s2WQL){T1L − iT2L, T1L + iT2L}
=
3
8
[Trλ3{λ1 − iλ2, λ1 + iλ2}
+Trλ3{λ1 − iλ2, λ1 + iλ2}+ 2Tr(−λT3 ){−λT1 + iλT2 , −λT1 − iλT2 }]
−6s2W [TrQl{λ1 − iλ2, λ1 + iλ2}+ TrQ3L{λ1 − iλ2, λ1 + iλ2}
+2Tr(QiL){−λT1 + iλT2 , −λT1 − iλT2 }]
= 0,∑
Tr(T3L − 2s2WQL){T6L − iT7L, T6L + iT7L}
=
3
8
[Trλ3{λ6 − iλ7, λ6 + iλ7}
+Trλ3{λ6 − iλ7, λ6 + iλ7}+ 2Tr(−λT3 ){−λT6 + iλT7 , −λT6 − iλT7 }]
−6s2W [TrQl{λ1 − iλ2, λ1 + iλ2}+ TrQ3L{λ1 − iλ2, λ1 + iλ2}
+2Tr(QiL){−λT1 + iλT2 , −λT1 − iλT2 }]
= 0, (7.2)
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where the quantities Ql, Q3L and QiL are the charges of the leptons and quarks given by
Ql =


0 0 0
0 −1 0
0 0 1

 , Q3L = 1
3


2 0 0
0 −1 0
0 0 5

 , QiL = 1
3


−1 0 0
0 2 0
0 0 −4

 .
and the sum is meant over the families. It is noted that the factor 3 in (7.2) comes from
the three families for the leptons and the three colors for the quarks. It follows that
the anomaly coefficients are not necessarily zero due to the sum of all charge in three
families in contrast with the case in the SM. In this way it is easy to see that the anomaly
coefficients vanish for all possible processes. Thus, the renormalizability of the theory will
be guaranteed in the case (ii), while it is apparent that in the case (i) the coefficients will
not become zero in general because the anomaly coefficients can not be expressed in the
form of (7.1) for both (i-a) and (i-b) due to the mixing of the quarks belonging to the
different representations as seen from (3.18) and (5.6).
8 BRS transformation
In this section, we discuss a BRS transformation[11]. It is well known that the invariance
under the BRS transformation is produced by adding the ghost term even after the gauge
invariance of the Lagrangian is violated by the gauge fixing. It is, also, considered that
the BRS invariance is not violated by the SSB in order for the theory to be renormalizable
and for the S-matrix to be independent of the gauge parameter[15].
If we start with the gauge invariant Lagrangian containing the fields of the chiral trans-
formation, the anomalies associated with the fermion triangle diagram on three currents
must also disappear in order to guarantee the renormalizability of the theory and then
the BRS invariance is ensured as is easily seen for our case (ii). Of course, it is evident
that even after the SSB the above conditions for the theory shoud not be violated in
order for the theory to be renormalizable. That is, the anomaly coefficients after the SSB
must vanish and then the invariance under the BRS transformation must hold. However,
in some cases, the invariance under the BRS transformation holds thought the anomaly
coefficients do not vanish as in the case (i-b) in §7. Therefore, in order for the theory to
be renormalizable the anomaly coefficients must vanish and then also the BRS invariance
will be ensured. This is because the BRS invariance is necessary for the unitarity of the
S matrix[15].
As discussed in §6 and §7, the cases (i-a) and (i-b) for the singlet lead to non-zero
results for the anomaly coefficients though in the case (i-b) the total Lagrangian is in-
variant under the BRS transformation in contrast to the case (i-a) in which case the BRS
transformation can not be defined as noted below (2.5). However, in the case (ii) for the
singlet the anomaly coefficients become zero for all possible triangle diagrams and the
BRS invariance holds as is easily seen. Thus, it may be concluded that the possibility
of the singlet “1”, i.e., the case (i), must be excluded for the theory to be renormaliz-
able. We will show the invariance under the BRS transformation in the case (ii) for the
counterparts of “3” and “3¯” briefly below.
It is easily seen that the Lagrangian Lgf +Lgh of the gauge fixing and the ghost terms
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in (4.1) and (4.2) is invariant under the following BRS transformations of the fields
δBC
a =
i
2
λfabcC
bCc,
δBCa = λξ(∂
µV aµ −
iga
ξ
〈v|LΦa|Φ˜〉),
δBΦ˜ = λL
Φa(v + Φ˜)Ca,
δBV
a
µ = −iλDµCa, (8.1)
where DµC
a ≡ ∂µCa+gfabcV bµCc and the BRS transformation is defined as usual, i.e., the
substitution of the parameters in the gauge transformation βa → iλCa with a constant
hermitian Grassmann quantity λ. It is noted that the following equation of motion holds
∂µDµC
a +
gagb
ξ
〈v|LΦaLΦb|v + Φ˜〉Cb = 0. (8.2)
where no sum over a but the sum over b is taken from 1 to 9. The BRS transformation
for the fermions is given by the above substitution of the parameters in the formulas such
as the transformation in (3.15). It thus follows that if the Lagrangians except for the
gauge fixing and the ghost terms are invariant under the BRS transformation even after
the SSB, the total Lagrangian is also invariant under the transformation.
It is evident that the original Lagrangians (2.6), (2.7), (2.8) and (2.12) are invariant
under the BRS transformation given by v = 0 in (8.1) and even in the case of v 6= 0 for
the leptons and the scalars because as noted in §3 the Lagrangians and the fields in terms
of the mass eigenstates are rewritten in the same form corresponding to those in terms of
the weak interaction bases and the BRS transformation for the mass eigenstates is given
in the same form as that for the weak interaction bases as noted in §2 and §3.
However, in the case (i-a) the Lagrangian for the quarks can not be rewritten with
the similar form in terms of the weak interaction bases and the mass eigenstate bases also
as noted in §3 and furthermore the variation for the quarks QaL can not be expressed
in the form corresponding to those in terms of the weak interaction bases because the
quarks in the different representations are mixed. In the case (i-b) as mentioned in §6
the Lagrangian for the quarks can be expressed in the same form corresponding to that
in the weak interaction bases, but the propagators of the quarks are given for a set of the
quarks belonging to the different representations (see (5.2)). Therefore, in this case the
total Lagrangian is inariant under the BRS transformation but the anomaly coefficients
are not zero in general.
In the case (ii) by taking into account the transformation property of the right-handed
singlet of the quarks there is no problem in expressing the Lagrangian in terms of the weak
interaction bases in the corresponding form in terms of the mass eigenstates as seen up
to now. Thus, even after the SSB the anomalies as well as the FCNC disappear and the
theory will become renormalizable. Of course an invariance under the BRS transformation
is ensured.
9 Discussion
We discussed the 331 model in which for the left-handed quark sectors in the three families
the complex conjugate representations are assigned to the first and the second families
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and the fundamental representation is assigned to the third family, while the singlet
assignment to the right-handed quarks associated with the left-handed quarks has the case
of “1” independent of the left-handed 3 and 3¯ and the case of “13” and “13¯” depending
on the left-handed “3” and “3¯”. Though the choices have an effect to the form of the
Yukawa interactions of the quarks with the scalar fields as seen in (2.12), the theory will
be anomaly free and renormalizable at the stage of the original Lagrangian before the
SSB. In this case, it is easily seen that an invariance under the BRS transformation holds
after fixing to the Rξ gauge in addition to the ghost terms.
However, the situation after the SSB becomes quite different from that before the
SSB. This is because except for the J quarks the Yukawa interaction giving mass to the
quarks through the SSB is different for both cases of the singlet. As shown in the previous
sections, the anomaly coefficients can not be zero in general in the case of the adoption
of the singlet “1” independent of the left-handed “3” and “3¯” but in the case (ii) of the
right-handed singlet “13” associated with the fundamental representation and “13¯” with
the complex conjugate representation there appear no anomalies even after the SSB. It
seems natural in the gauge theory with the chiral trasformation for us to take into account
the transformation propperties of the singlet in physics but not mathematics as discussed
in §1.
Though an invariance under the BRS trasformation holds in the case (i-b), the anomaly
remains without vanishing as pointed out in §8 and thus the renormalizability of the
theory is destroyed after the SSB. However, in the case (ii) of the singlet “13” and “13¯”
the invariance under the BRS trasformation as well as disappearance of any anomaly holds
even after the SSB. We may thus conclude that in construction of the model based on
the chiral gauge theory with the fundamental and complex conjugate representations in
the assignment of the representations to the basic particles in the families such as the 331
model the counterparts of the fundamental and the complex conjugate representations
should be subjected to the definite transformation according to that of each partner.
Appendix.1
As is well known, the singlet appears in the following ways in the representation of SU(3)
(i) 3⊗ 3 = 1⊕ 8,
(ii) 3⊗ 3⊗ 3 = 1⊕ 8⊕ 8⊕ 10,
(iii) 3¯⊗ 3¯⊗ 3¯ = 1⊕ 8⊕ 8⊕ 10,
where 3 denotes the fundamental representation and 3¯ the complex conjugate represen-
tation of SU(3). Of course, it is well known that the expressions from the left side for
the singlet “1” on the right side are equivalent mathematically to each other in the sense
that the relation such as 3 ⊗ 3¯ = 3¯ ⊕ 6 holds and then one of the configurations on the
right-side given from the left side is rewritten to another singlet configuration “1”. That
is, it may be said that these three singlets are equivalent to each other under a trans-
formation of SU(3). However, it is physically natural to consider their physical content
different because if 3 is assigned to a member of the fundamental fermion and each con-
figuration on the right side is accepted as the quantity of a definite particle, the particle
corresponding to the singlet in (i), called bosonic singlet, will express a boson-like one
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such as in the boson in the quark model but not a fermion or anti-fermion, and those
in (ii) and (iii), called fermionic and antifermionic singlets, will express only a fermion
and an anti-fermion, respectively. In other words, the bosonic singlet in (i) may be said
the scalar with respect to both 3 and /or 3¯ or independent of 3 and 3¯ in the sense that
the configuration consists of the fundamental fermion and antifermion, but those in (ii)
and (iii) are the scalar only with respect to the 3 and 3¯ in the sense that each of them
consists of only the fermion and antifermion, respectively. Thus, it is physically natural
to consider that there exist three kinds of the singlet corresponding to (i), (ii) and (iii).
Of course, it does not need considering the distinction of these in almost all models except
for the models such as the 331 model because only the fundamental (or complex conju-
gate) representation for the lefdt-handed basic particles in the first stage is adopted and
then the singlet of the counterparts is meant as in (ii) (or (iii)), while in the 331 model
both of the fundamental and complex conjugate representations are used to assignment of
the representations and then the transformation property of the singlet affects the forms
of the Yukawa interactions. It is, however, noted that the fermions in the families are
not considered composite such as above (i), (ii) and (iii) and then the assignment of the
representation to these fermions are free a priori provided that it is physically allowed
and leads to a consistent result.
Appendix.2
Let us consider a group G with the generators T j (j = 1, 2, ...,N) satisfying the commu-
tation relations
[T j, T k] = icjklT
l, (B.1)
where the generators are hermitian. We consider n complex scalar fields Φj (j = 1, 2, ..., n),
arranged in a column vector Φ transforming according to the n× n representation matrices
Lj , which satisfy the same commutation relations as those in (B.1) and are normalized by
tr(LjLk) = t(L)δjk in each irreducible component of L
j . The Φ is subject to the following
relation under an infinitesimal transformation:
Φ′j = Φj − i(u · L)jkΦk. (B.2)
Instead of n complex scalar fields Φj (j = 1, 2, ..., n), it is often convenient to use 2n
hermitian scalar fields by writing Φj = (Φ2,j + iΦ1,j)/
√
2 with hermitian Φ1,j and Φ2,j.
Then, due to the relation U(1) ∼ SO(2) the transformation (B.2) is rewritten in terms of
a direct product as follows:
Φˆ′=
(
I − iI2 ⊗ u ·
(
L− LT
)
/2− iτ2 ⊗ u ·
(
L+ LT
)
/2
)
Φˆ, (B.3)
where I2 and τ2 are 2 × 2 unit and Pauli matrices with elements (τ2)αβ = −iǫαβ =
iǫβα, ǫ12 = 1, and Φˆ = (Φ1,1,Φ2,1,Φ1,2,Φ2,2, · · · ,Φ1,n,Φ2,n)T . An action of I2 ⊗ Lj and
τ2⊗Lj on Φˆ is given by (I2⊗LjΦˆ)α,k = δαβ(Lj)klΦˆβ,l and (τ2⊗LjΦˆ)α,k = (τ2)αβ(Lj)klΦˆβ,l,
respectively. It then follows that the representation matrices I2 ⊗ (Lj − LjT ) and τ2 ⊗
(Lj +Lj
T
) are hermitian and antisymmetric: (I2 ⊗ (Lj − LjT ))T = −I2⊗ (Lj −LjT ) and
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(τ2 ⊗ (Lj + LjT ))T = −τ2 ⊗ (Lj + LjT ). If the covariant derivative is written in the form
DµΦ ≡ (∂µ − iMµ)Φ with hermitian Mµ, then the corresponding covariant derivative Dˆ
for the Φˆ becomes DˆµΦˆ = (∂µ − i{I2 ⊗ (Mµ −MTµ )/2 + τ2 ⊗ (Mµ +MTµ )/2})Φˆ.
It is seen that the following relations hold
Ψ†Φ=
1
2
ΨˆT (I2 + τ2)⊗ InΦˆ,
Ψ†u · LΦ= 1
2
ΨˆT (I2 + τ2)⊗ u · LΦˆ,
=
1
2
ΨˆT{(I2 + τ2)⊗ In}{I2 ⊗ u · (L− LT )/2 + τ2 ⊗ u · (L+ LT )/2)}Φˆ (B.4)
(DµΨ)†DµΦ=
1
2
(DˆµΨˆ)T (I2 + τ2)⊗ InDˆµΦˆ
=
1
2
(∂µΨˆT I2 ⊗ In + iΨˆT I2 ⊗Mµ){(I2 + τ2)⊗ In}I2 ⊗ (In∂µ − iMµ)Φˆ,
where In is n× n unit matrix.@
It is often useful to consider anti-commutators which are hermitian but have non-zero
trace and may be written as follows
{Lj , Lk} = djklLl + 2tr(L)
n
δjkIn,
where djkl are totally symmetric in three indices and given by djkl = tr({Lj , Lk}Ll)/tr(L).
It is known that the non-zero structure constants cjkl and the symmetric coefficients djkl
are given in the case of the 3×3 Gell-Mann matrices Lj = λj/2 (j = 1, 2, · · ·8) as follows:
c123 = 1,
c147 = c165 = c246 = c257 = c345 = c376 = 1/2,
c458 = c678 =
√
3/2,
d146 = d157 = d246 = −d247 = d256 = d344 = d355 = −d366 = −d377 = 1,
d118 = d228 = d338 = −d888 = 2
√
3/3,
d448 = d558 = d668 = d778 = −
√
3/3.
In the case of SU(n), the (n2 − 1) matrices Lj of the fundamental representation can
be separated in two classes, symmetric matrices Lj
T
= Lj and antisymmetric matrices
Lj
T
= −Lj . A set of numbers satisfying the former relation is put F1 with (n− 1)(n + 2)/2
numbers and that of the latter F2 with n(n− 1)/2 numbers. Then it follows that the
representation matrices {(I2 ⊗ (Lj − LjT )/2, τ2 ⊗ (Lk + LkT )/2}, which are antisymmet-
ric and are equivalent to the (n2 − 1) matrices contained in the n(2n− 1) represena-
tion matrices of the group SO(2n), become {I2 ⊗ Lj , τ2 ⊗ Lk} for j ∈ F2 and k ∈ F1.
Thus, they satisfy the same commutation relation as those for Lj , because the relations
[A⊗B,C ⊗D] = [A,C]⊗BD+CA⊗ [B,D] holds and the first term vanishes. However,
the anti commutators {A ⊗ B,C ⊗D} can not be expressed in terms of the above anti-
symmetric ones because these commutators are symmetric matrices. In the case of SU(2)
and SU(3), F1 consists of the matrices with the numbers {1, 3} and {1, 3, 4, 6, 8} and F2
with {2} and {2, 5, 7}, respectively.
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